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$R$ Mod- $R$ $R$-
$R$- $R$ $M$
$0arrow K(M)arrow P(M)arrow Marrow 0$ $M$ ( $P(M)$






$\sigma$ $\mathcal{T}_{\sigma}:=\{M\in$ Mod-$R$ : $\sigma(M)=M\}$
$\sigma$-torsion $\mathcal{F}_{\sigma}:=\{M\in$ Mod-$R$ : $\sigma(M)=0\}$
$\sigma$-torsionhee Mod- $R$ $\mathcal{T},\mathcal{F}$ (1),(2) $,(3)$
$(\mathcal{T},\mathcal{F})$ Mod-$R$ (1)
$Hom_{R}(\mathcal{T}, \mathcal{F})=0$ . (2) $Hom_{R}(M,\mathcal{F})=0$ $M\in \mathcal{T}$ (3)
$Hom_{R}(\mathcal{T}, M)=0$ $M\in \mathcal{F}$ . $(\mathcal{T}, \mathcal{F})$
$t$ $\mathcal{T}=\mathcal{T}_{t},$ $\mathcal{F}=\mathcal{F}_{t}$





$M$ $N$ $M/N\in$ $N$ $M$
$\sigma$- $N\in \mathcal{F}_{\sigma}$ $M/N$ $M$ $\sigma$-
$E_{\sigma}(M)/M:=\sigma(E(M)/M)$ $M$ $\sigma$- $E_{\sigma}(M)$
$M$ $\sigma$- $P_{\sigma}(M)$ $:=P(M)/\sigma(K(M))$ $\mathcal{T}$
$\sigma$- $(\mathcal{T}, \mathcal{F})$ $\sigma$- $\mathcal{F}$
$\sigma$- $(\mathcal{T},\mathcal{F})$ $\sigma$- $\mathcal{T}$
$\sigma$- $(\mathcal{T}, \mathcal{F})$ $\sigma$- $\mathcal{F}$ $\sigma$-
$(\mathcal{T},\mathcal{F})$ $\sigma$-
$(\mathcal{T}, \mathcal{F})$ $t$ $\sigma$ [5] [6] [7]
$\sigma$- $\sigma$- $\sigma$-
$\sigma$- Eckman and
Shopf Wu, Jans and Miyashita
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1.
$\sigma$ $Hom_{R}(M, -)$ $A\in \mathcal{F}_{\sigma}$ $0arrow Aarrow$
$Barrow Carrow 0$ $M$ $\sigma$- $P$
$\sigma$-torsion $K$ $P/K$ $\sigma$-
$M$ $P_{\sigma}(M)$ $\sigma$- $K_{\sigma}(M)$ $\sigma$-torsionfree
$(M)$ $0arrow K_{\sigma}(M)arrow P_{\sigma}(M)arrow Marrow 0$ $M$
$\sigma$- $M$ $P_{\sigma}(M)=P(M)/\sigma(K(M)),$ $K_{\sigma}(M)=$
$K(M)/\sigma(K(M))$ $M$ $X$ $\sigma$-
$h:Marrow X$ $kerh$ $\sigma$-torsioinfree $M$
$M\ovalbox{\tt\small REJECT}’-$
$(M)$ $M$ $\sigma$- R. L. Bernhardt [3]
$\mathcal{F}$
$(\mathcal{T},\mathcal{F})$
$t$ $(\mathcal{T}, \mathcal{F})$ $P$
$t(P)$ $P$
$\mathcal{F}$
$\sigma$- $(\mathcal{T}, \mathcal{F})$ $\sigma$-
1[6]. $\sigma$ $M$ $N$
$f$ $g$ $\sigma$- $j$
$0arrow K_{\sigma}(M) arrow P_{\sigma}(M) arrow f M arrow 0$
$\downarrow j$
$0arrow K_{\sigma}(M/N)arrow P_{\sigma}(M/N)\vec{g}M/Narrow 0,$
$g$ $P_{\sigma}(M)$ $\sigma$- $jf=gh$ $h$ :
$P_{\sigma}(M)arrow P_{\sigma}(M/N)$ (1)(2)
(1) $Marrow jM/N$ $\sigma$- $h$ : $P_{\sigma}(M)arrow P_{\sigma}(M/N)$
(2) $\sigma$ $h$ : $P_{\sigma}(M)arrow P_{\sigma}(M/N)$ $M$ $M/N$
$\sigma$-
$t$ $\sigma$- $\mathcal{F}_{t}$ $\sigma$-
2. $t$ $\sigma$
(1) $t$ $\sigma$-
(2) $\sigma$- $P$ $P/t(P)$ $\sigma$-








(5) $\sigma$- $P$ $t(P)\in \mathcal{F}_{\sigma}$ $t(P)$
$P$
(1) $\Leftarrow(5)\Leftrightarrow(2)\Leftrightarrow(1)\Leftrightarrow(3),(4)\Rightarrow(1)$ $\mathcal{F}_{t}$ $\sigma$-




$0arrow K_{\sigma}(P/t(P))arrow P_{\sigma}(P/t(P))arrow P/t(P)garrow 0,$
$h$ $g$ $P/t(P)$ $\sigma$- $f$
$P_{\sigma}(P/t(P))$ $\sigma$-
$f(t(P))\subseteq t(P_{\sigma}(P/t(P)))=0$ $f$ $f’$ : $P/t(P)arrow P_{\sigma}(P/t(P))$
$(x+t(P)\mapsto f(x))$ $x\in P$ $h(x)=gf(x)=gf’h(x)$
$g$ $P/t(P)$ $\sigma$- $P_{\sigma}(P/t(P))$
$P/t(P)$ $\sigma$-
(2) $arrow(5):P$ $\sigma$- $t(P)\in \mathcal{F}_{\sigma}$ $P/t(P)$
$\sigma$- $(0arrow t(P)arrow Parrow P/t(P)arrow 0)$
$t(P)$ $P$
(5) $arrow(1):M$ $(0arrow K_{\sigma}(M)arrow P_{\sigma}(M)\vec{f}Marrow$
$0)$ $f(t(P_{\sigma}(M)))\subseteq t(M)=0$ $K_{\sigma}(M)=kerf\supseteq$
$t(P_{\sigma}(M))$ $K\sigma$ (M) $\in$ t( $P\sigma$ (M)) $\in$ $P_{\sigma}(M)$
$\sigma$ $t(P_{\sigma}(M))$ $P_{\sigma}(M)$
$P_{\sigma}(M)$ $K$ $(M)=t(P_{\sigma}(M))\oplus K$ $K_{\sigma}(M)=$
$kerf\supseteq t(P_{\sigma}(M))$ $P_{\sigma}(M)=K_{\sigma}(M)+K$ $K_{\sigma}(M)$
$P_{\sigma}(M)$ $(M)=K$ $t(P_{\sigma}(M))=0$
(1) $arrow(3)$ :
$P_{\sigma}(M) arrow h Marrow 0$
$f\downarrow \downarrow j$
$P_{\sigma}(M/t(M))arrow gM/t(M)arrow 0,$
$i$ $h$ $g$ $\sigma$- $f$ $P_{\sigma}(M)$
$\sigma$-




(3) $arrow(1):M\in \mathcal{F}_{t}$ $f$
$t(P_{\sigma}(M))\subseteq kerf=0$
(1) $arrow(4):N(\in \mathcal{F}_{\sigma})$ $M/N(\in \mathcal{F}_{t})$ $M$
$P_{\sigma}(M/N)\in$ 1 $P_{\sigma}(M/N)\simeq P_{\sigma}(M)$ $(M)\in$
$0arrow K_{\sigma}(M)arrow P_{\sigma}(M)arrow Marrow 0$
$\sigma$- $M(\in \mathcal{F}_{t})$
(4) $arrow(1):P_{\sigma}(M)$ $M(\in \mathcal{F}_{t})$ $\sigma$- $\mathcal{F}_{t}$ $\sigma$-
(5) $arrow(2):P$ $\sigma$- $0arrow t(P)/\sigma(t(P))arrow P/\sigma(t(P))arrow$
$P/t(P)arrow 0$ $\sigma(t(P))(\in \mathcal{T}_{\sigma})$ $P/\sigma(t(P))$ $\sigma$-
$t$
$t(P/\sigma(t(P)))=t(P)/\sigma(t(P))$ $P/\sigma(t(P))$ $\sigma$-






(2) (5) $t$ $\sigma$
(2) (5) $\sigma$
3. $t$ (4) $t$
(1) $t$ ( )
(2) $P$ $P/t(P)$
(3) $P(M) arrow h Marrow 0$






(4) $\mathcal{F}_{t}$ ( $N$ $M$ $M/N\in$
$\mathcal{F}_{t}\Rightarrow M\in \mathcal{F}_{t})$
(5) $P$ $t(P)$ $P$
2. Eckman&Shopf
[7] Eckman&Shopf
3. $P$ $\sigma$- $P_{\sigma}(P)$ $P$




$P$ $\sigma$- $Parrow fM$ $M$ $\sigma$-
$f$
$kerf$ $P$ $kerf\in F_{\sigma}$ $Parrow M$ $M$
$\sigma$- Eckman&Shopf
$\sigma$
4. $Parrow fM$ $\sigma$
(1) $P$ $\sigma$- $Parrow fM$ $M$ $\sigma$-
(2) $P$ $M$ $\sigma$- (ie. $P$ $\sigma$- $I$ $\sigma-$
$Parrow hI,$ $Iarrow M$ )
(3) $P$ $M$ $\sigma$- (ie. $Parrow fM$ $M$ $\sigma$-
$Iarrow hP$ $Iarrow hParrow M$ $M$ $\sigma$-
)
(4) $P$ $P_{\sigma}(M)$
(1) $arrow(2):P$ $\sigma$- $Parrow fM$ $M$ $\sigma$-
$g$ ,
$0arrow kerharrow Parrow hIarrow 0$
$\searrow_{f}\downarrow 9$
$M$
$\mathcal{F}_{\sigma}\ni f^{-1}(0)=h^{-1}(g^{-1}(0))\supseteq h^{-1}(0)$ $\mathcal{F}_{\sigma}\ni h^{-1}(0)=kerh$
$kerf\supseteq kerh$ $kerf$ $P$ $kerh$ $P$
$I$ $\sigma$- $L$ $P$
$P=kerh\oplus L$ $L\cong I$ $kerh$ $P$
$P=L$ $P\cong I$






$h$ $M$ $fj$ $g$
$Parrow fM$
$M$ $\sigma$- $f=h_{9}j^{-1}$ $gj^{-1}$
9 $kerf=f^{-1}(0)=j(g^{-1}(h^{-1}(0)))$ $h^{-1}(O)$
$P_{\sigma}(M)$ $\sigma$-torsionfree $kerf$ $D$ $P$
$g^{-1}$ $j$ $kerf\in \mathcal{F}_{\sigma}$
$Parrow fM$
$\sigma$-







$f$ $g$ $h$ $f$
$g$ $\mathcal{F}_{\sigma}\ni h^{-1}(0)=g^{-1}(f^{-1}(0))\supseteq g^{-1}(0)$
$\mathcal{F}_{\sigma}\ni g^{-1}(0)$ $P$ $\sigma$- $0arrow kergarrow Iarrow gParrow 0$
$I$ $H$ $H\cong P$ $I=kerg\oplus H$
$kerg$ $I$ $I=H\cong P$





$P_{\sigma}(P)(\simeq P_{\sigma}(M)arrow M)$ $M$ $\sigma$- $P(arrow M)f$ $M$
$\sigma$- $P_{\sigma}(P)arrow P$ $P_{\sigma}(P)\cong P$
$P$ $\sigma$-





(1) $P$ $Parrow fM$ $M$ (i.e. $kerf$
$P$ ).
(2) $P$ $M$ (ie. $P$ $I$
$Parrow hI,$ $Iarrow M$ $h$ ).
(3) $P$ $M$ (i.e. $Parrow fM$ $M$
$Iarrow hP$ $Iarrow hParrow M$ $M$
).
(4) $P$ $P(M)$
3. $WU$ , JANS AND MIYASHITA AZUMAYA
Johnson and Wong Wu, Jans, Miyashita Azu-
maya [7]
Azumaya $\sigma$
$M,$ $N$ $M$ $\sigma-N$- $Hom_{R}(M,$ $)$
$0arrow Karrow Narrow N/Karrow 0$ ( $K\in \mathcal{F}_{\sigma}$ )
45
$M$ $\sigma$- $P_{\sigma}(M)^{\pi_{M}^{\sigma}}arrow M$
7. $\sigma$ $M,N$
(1) $\gamma\in Hom_{R}(P_{\sigma}(M), P_{\sigma}(N))$ $\gamma(K_{\sigma}(M))\subseteq K_{\sigma}(N)$
(2) $M$ $\sigma-N$-
(1) $arrow(2)$ $\sigma$ (2) $arrow(1)$
(1) $arrow(2):f\in Hom_{R}(M, N/K)$ $K\in \mathcal{F}_{\sigma}$ $h\in$
$Hom_{R}(P_{\sigma}(M), N)$ $f\pi_{M}^{\sigma}=nh$ $n$
$Narrow N/K$ $\gamma\in Hom_{R}(P_{\sigma}(M), P_{\sigma}(N))$ $h=\pi_{N}^{\sigma}\gamma$
$\pi$
$P_{\sigma}(M)arrow M$
$\gamma\nearrow$ $\downarrow h$ $\downarrow f$
$P_{\sigma}(N)_{\pi_{N}^{\sigma}\vec{n}}arrow NN/K$
$\gamma$
$\gamma’$ : $P_{\sigma}(M)/K_{\sigma}(M)arrow P_{\sigma}(N)/K_{\sigma}(N)$ $\gamma’$
$\gamma":Marrow N$ $f=n\gamma"$
(2) $arrow(1):\sigma$ $\gamma\in Hom_{R}(P_{\sigma}(M), P_{\sigma}(N))$ $\gamma(K_{\sigma}(M))\subseteq$
$K_{\sigma}(N)$ $T=\gamma(K_{\sigma}(M))+K_{\sigma}(N)$ $T\supseteq\gamma(K_{\sigma}(M))$
$\gamma$
$\gamma’$ $\gamma’$ : $M\simeq P_{\sigma}(M)/K_{\sigma}(M)arrow P_{\sigma}(N)/\gamma(K_{\sigma}(M))arrow$
$P_{\sigma}(N)/Tarrow N/\pi_{N}^{\sigma}(T)$ ( $\pi$ $(x)\ovalbox{\tt\small REJECT} x+K_{\sigma}(M)arrow\gamma(x)+\gamma(K_{\sigma}(M))arrow$





$\sigma-N$- $\beta:Marrow N$ $\gamma’=n_{N}\beta$
$M$
$\beta\nearrow\downarrow\gamma’$
$0arrow\pi_{N}^{\sigma}(T)arrow Narrow N/\pi_{N}^{\sigma}(T)arrow 0$
$P_{\sigma}(M)$ $\sigma$- $\alpha$ : $P_{\sigma}(M)nNarrow P_{\sigma}(N)$ $\pi_{N}^{\sigma}\alpha=\beta\pi_{M}^{\sigma}$
$0arrow K_{\sigma}(M)arrow P_{\sigma}(M)^{\pi_{M}^{\sigma}}arrow Marrow 0$
$\downarrow\alpha$ $\downarrow\beta$
$0arrow K_{\sigma}(N)arrow P_{\sigma}(N)arrow Narrow 0$
$\pi_{N}^{\sigma}$
$\alpha(K_{\sigma}(M))\subseteq K_{\sigma}(N)$ $X:=\{x\in P_{\sigma}(M)|\gamma(x)-$
$\alpha(x)\in K_{\sigma}(N)\}$ $X+K_{\sigma}(M)=P_{\sigma}(M)$ $x\in P_{\sigma}(M)$
$\gamma’(\pi_{M}^{\sigma}(x))=\pi_{N}^{\sigma}(\gamma(x))+\pi_{N}^{\sigma}(T)$ , (n$N\beta$)( $\pi$ (x)) $=\beta$ $(\pi$ $x)+$










$x\in K_{\sigma}(M)(\subseteq P_{\sigma}(M))$ $\gamma(x)-\alpha(X)\in K_{\sigma}(N)$
$\gamma(x)\in\alpha(x)+K_{\sigma}(N)\subseteq\alpha(K_{\sigma}(M))+K_{\sigma}(N)=K_{\sigma}(N)$
$\gamma(K_{\sigma}(M))\subseteq K_{\sigma}(N)$
7 $\sigma=1$ [2] Azumaya
7 $M=N$ $\sigma=1$ [8] [4] Wu,
Jans, Miyashita
References
[1] E. P. Armendariz, Quasi-injective modules and stale torsion
classes, P. J. M. (1969), 277-280.
[2] G. Azumaya, $M$-projective and $M$-injective modules, unpub-
lished.
[3] R. L. Bernhardt, On Splitting in Hereditary Torsion Theories,
P. J. M. (1971), 31-38.
[4] Y. Miyashita, Quasi-projective modules, Perfect modules and
a Theorem for modular lattice, J. Fac. Sci. Hokkaido Univ. 19, 1966,
86-110.
[5] Y. Takehana, On generalization of $QF$-3’ modules and heredi-
tary torsion theories, Math. J. Okayama Univ. 54 (2012), 53-63.
[6] Y. Takehana, On generalization of CQF-3’ modules and co-
hereditary torsion theories, Math. J. Okayama Univ. 54 (2012), 65-76.
[7] Y. Takehana, On a generalization of stable torsion theory, Proc.
of the $43rd$ Symposium on Ring theory and Representation Theory, 2011,
71-78.
[8] L. E. T. Wu and J. P. Jans, On Quasi Projectives, Illinois J. Math.
Volume 11, Issue 3 (1967), 439-448.
GENERAL EDUCATION
HAKODATE NATIONAL COLLEGE OF TECHNOLOGY
14-1 TOKURA-CHO HAKODATE-SI HOKKAIDO, 042-8501 JAPAN
$E$-mail address: takehana@hakodate-ct.ac.jp
47
